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In the setting of real normed spaces, we study the Fermat-Weber problem which
deals with the minimization of the sum of weighted distances from a variable point
to the points of a given finite set A. With techniques of best approximation we
obtain a description of the set of solutions to this problem. Then we characterize
inner product spaces as spaces in which the set of solutions to such problems meets
the affine hull of 4. The major tool is a characterization of inner product spaces,
with finite dimension at least three, lying on some property of the exposed points
of the unit ball.  © 1994 Academic Press, Inc.

1. INTRODUCTION

The Fermat-Weber problem is an optimization problem associated with
a real normed space X, a finite subset 4 of X having at least two points,
and a family w=(w,),., of positive weights. The function F to minimize
is defined on X by F(x)=3,_, w, [x—al. The set of minimizers of F on
X is a (possible empty) bounded closed convex subset of X, denoted by
M, (A). Obviously if w,=kw, with k>0, then M,.(4)=M,(A). When
w, =1 for each q, the problem is called the Fermat (location) problem and
the set M, (A) is denoted by M, (A). The names of Steiner and Lamé are
also associated with this problem (e.g., [7]).

If X is an inner product space, or if X is two dimensional and whatever
the norm is, then M, (A4) intersects conv(A), the convex hull of A, for every
subset 4 and every family w [11, 14]. In the paper we study some recipro-
cal properties with X of dimension at least three. We state for instance that
if, for every A and every w, M, (A)~conv(4)+# J, then X is an inner
product space. The same conclusion holds if, for every A, M,(4)n
aff(4) # &, where aff(4) denotes the affine hull (or span) of 4. This last
result shows that an assumption made in [4], according to which M, (A4)
intersects always aff(4), cannot be valid.

We call hull property for the Fermat (or the Fermat—Weber) problem the
fact that M,(A4) (or M, (A)) intersects the convex or the affine hull of 4,
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for every 4 (and every w). In Section 2 we show that these four hull
properties are equivalent. Then, in order to obtain the main results, we give
in Section 3 a geometrical description of the set M,(4) and in Section 4,
a characterization of inner product spaces. This characterization is valid for
spaces of finite dimension, at least three. It lies on a property of the set of
exposed points of the unit ball. Section S presents the main results. The idea
is roughly to prove that if X, of dimension at least three, is not an inner
product space, then a finite subset 4 and a family of weights w exist such
that 4 is included in an open halfspace and the intersection of M, (4) with
the affine hull of 4 is either empty or reduced to {0}. This contradicts
some hull property.

Theorem 1 of this paper is more or less known. A partial proof is
presented in [4]. Theorem 2 is given in [5], but a proof using best
approximation theory seems new. To the best of our knowledge a
characterization of finite dimensional inner products spaces, as stated in
Theorem 3, lying on properties of exposed points of the unit ball and
normal cones at these points, cannot be found in the literature. Nothing
similar is in [1]. Besides, the so-called Geometric Lemma in Section 4.3 is
a refinement of Straszewicz’s Theorem. Finally, Theorem 4 and its
Corollaries are answers to natural questions. They are related to known
properties of Chebyshev centers [6, 9], but cannot apparently be deduced
from them. We tackle our problem by a completely different method.

2. INTERRELATIONS BETWEEN HULL PROPERTIES

THEOREM 1. Let A denote a finite subset of X with at least two points
and w=(W,),. 4 a family of positive numbers. The following are equivalent:
(1) for every A and every w, M, (A)nconv(A)# J;
(ii) for every A and every w, M, (A)naff(4d) # &;
(iii) for every A, M, (A)nconv(A)# &F;
(iv) for every A, M (A)naff(A)# .
Proof. 1t is sufficient to prove (ii) = (i) and (iv) = (ii).

(ii) = (i). Let A and w be such that K=M,(A)naff(4) is non-
empty. Suppose Knconv(4)=J. These two disjoint nonempty compact
convex sets can be strictly separated by a closed affine hyperplane H. Let
be K. For each ae A, we call g(a) the intersection of the line joining a and
b with H and we let A’ =g(A). For each a’ € A’, we define A, by

Ag= Y w,.
{a;g(a)=a’}
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We call M,(A4’) the set of solutions to the problem
min, .y > .. 4 Az [lx —a’ll. By hypothesis, M,(A4") naff(4") is nonempty.
By summing, for all a’ € 4’, the following,

Y, wilb—al=Aylb—dll+ Y  w.la —al,
{a:gla)=a"} {a;g(a)=a'}
we get

Y Walb—al= 3 A lb—dl+ ) w.lgla)—al.

aeA a'ed acA

We now choose b'e M,;(A4’)n aff(4"). Then b’ € Hn aff(A4) and we have,
by using | g(a)—all > [[b'—all — | g(a) = &',

Y walb—alz . A lb—all= Y walgl@)=b'l+ ) w,lb ~—all.

ac A a'eAd ac A acAd

Since

Y Aalb=allz Y A N6 —a

aed aeAd

and
Y willga)=bll= Y A, 01b'—al,
ae A a'ed’

we get

2 wallb—all = 3. w,|b —al,
ae A ac A
which entails b’e M, (A4). Thus »'e Kn H, which is impossible. This
contradiction means K nconv(A4)# (J, i.e, M, (A)conv(A4)# .
The idea of this proof is used in [4] to establish (iv) = (iii).
(iv) = (ii) Suppose (iv) holds true and let A4 be given.

Note initially that A can be assumed included in a ball B(0,r)=
{x; x| <r}. Then M,(4) is included in B(0, 2r) for each w. Indeed let
x¢ B(0, 2r) : for every ae A, we have |x—al >|(x| — llall| >r = |a| and
then

Y wallx—all> ¥ w,lal.

ac A ae A

This implies clearly M, (4) < B(0, 2r).
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Now as a first step we prove that M, (4)naff(4)#J for integer
weights. We first consider the case where, for one ae 4, w; =k, k integer,
k=2 and w,=1 for each a#a. Let (a]), .., (a}) be k sequences of points
in aff(4) ~ B(0, r) such that (1) lim, a}= --- =lim, a} =a, (2) for each n,
the k points af, .., a; are distinct and do not belong to A\{a}. To the set
A,=(A\{a})u {a}, .., ai}, we associate the function F,,

F,(x)= 3 lx=bll= % lx—al+ 3 lx—a}l,

be Ay acAd,a#¥a 1<k

and we let

Fix)= ) lx—al+kix—al.

acA,a#a

Since A4, = B(0,r) and aff(4,) c aff(4), the optimization problem
min, ., F,(x) has a solution x, in the compact set aff(4)~ B(0, 2r). The
sequence (x,) has a subsequence, yet denoted by (x,), which converges to
x € aff(4) n B(0O, 2r). Since F, converges to F uniformly on B(0, 2r), F,(x,)
converges to F(x) and x e aff(A4) is a solution to the problem min, _, F(x).
The same reasoning works to obtain M, (A)naff(4)# & for integer
weights w,, and then for rational weights.

As a second step we prove that if M, (4)naff(4)# & for rational
weights, then the same is true for real weights. Indeed if (w,),. , is a family
of real positive numbers, we choose, for each a, a sequence (w!") of
rational positive number which converges to w,. With F,(x)=
YecawPlx—al and F(x)=3,_, w.llx —al|, the reasoning is the same as
in the first step. The result follows. ||

3. A GEOMETRICAL DESCRIPTION OF THE SET OF SOLUTIONS
TO A FERMAT-WEBER PROBLEM

A geometrical description of the set of solutions to a Fermat-Weber
problem may be obtained with techniques from convex analysis (see[5]).
We present here a procedure based on the theory of best approximation.

In order to express more easily the problem in the context of best
approximation, we give the finite set 4 by 4= {a,, .., a,,}(m=>2) and we
let w,=w,(1<i<m). We denote by Z the space X™ equipped with the
norm.

MEN = MCxss r Xl = i Il

i=1
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The subspace 4 of = is defined by
A={n=(wx, .., w,x); xeX}.

According to the initial definition, x € X belongs to M, (A4) if and only
if n={w,x, .., w,x) is a best approximationt to = (w,a,, .., w,a,,) from
A in E. Clearly § does not belong to 4. We can use a classical characteriza-
tion of the set P, (B) of best approximants to f from A [12].

To that end we mention that the dual space Z* of £ is (X*)™ endowed
with the norm

Nl = (S o Sl = [max £l

where the norm on the dual X* of X is denoted by |-[|. The pairing
between = and Z* is defined for ¢ = (f}, ..., f,,)€=E* and £ =(x,, ..., X,,)EZ
by

o ey =3 i xd,
f=1{

l

where (-, -) denotes the pairing between X and X*. The condition g € A+
means & ¢, n» =0 for each n e A, what is equivalent, for ¢ = (f1, ..., /;»), to
m o wif;=0. Let us introduce again a notation. To each @€ Z*, we

i=1

associate the subset I', of 4, which depends on B,

Fy={ne4; o, p—ny=1B—nll}
Then we have the results:

1. If peZ* satisfies ||l =1, peA* and I', # &, then I', =P ,(B).

2. If P,(B) is nonempty, then there exists ¢ € =* satisfying ||| =1,
@€ A* such that P, (B)=1T,.

Our task is now to transpose these results in the space X. Let
o=(fi, . fn)eE* be such that [l¢f|=max,_,,|fill=1. Then
n=(wXx, .., w,x) is a member of I',, if and only if

Z w{fi,a,—x)= Z w;lla,—x||.
i=1 i=1
Since || f;|l <1 for each i, that is equivalent to
Yi=1,..m {foyai—x>=|a;,—x|.

These conditions are profitably expressed with some cones. For
feX* | fl<1, welet

N(f)y={zeX;{fiz)>=lzI}.



166 ROLAND DURIER

If |fll<1, then N(f)={0}. If | f)l =1, N(f) is the (possible empty)
convex cone generated by the face of the unit ball of X given by
{x;Ixll =1, {f, x> =1}. We can also define N(f) as the normal cone to
the unit ball of X* at f. Hence, for [|¢|| =1, (w,Xx, .., w,,x) is a member of
I, if and only if

xe () (&= N(f)
The theorem sums up the preceding discussion.

THEOREM 2. Let A={a,, .., a,} <X and let w,>0 (1 <i<m).

1‘ I.f(fl" fm) X*)m Satlsﬁes max1<,<m”f“_1 z‘_lwi.fi=0a
and N/_, (a;— N(f})) # &, then

) (= N = M, (4),

2. If M, (A) is nonempty, then there exists (f|, - fm)€(X*)"
satisfying max, ;. [ fill =1 and 37_ w, f;=0 such that

_ﬁ — N(f))

Paper [3] gives sufficient and necessary conditions such that z is a point
of M, (A) with restrictive assumptions: 1. z does not belong to 4 nor is on
any line determined by points of A4, 2. X is finite dimensional and its unit
ball is smooth and rotund. Actually Theorem 2 implies these results of [3],
as a particular case.

Remark 1. As an immediate consequence of Theorem 2, we can give
some information about unicity of the solution to a Fermat-Weber
problem. An obvious sufficient condition such that M, (A4) contains no
more than one point, is that it is defined as (7., (@;— N(f;)), with at least
two cones N(f;) being non-colinear halflines. In fact N(f) is a halfline if
[fIl=1 and if the hyperplane {f, z> =1 meets the unit ball of X at one
point.

Remark 2. Let p,(1 <i<m) be positive numbers. If we have a,e N(f;)
for fie X*, | f,| <1, then p,a,e N(f;). It follows from Theorem 2 that, if 4
is the set {p,ay, ..., p,.a,,}, then 0e M, (A4) if and only if 0OeM,(A)
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4. CHARACTERIZATION OF INNER PRODUCT SPACES WITH
FmITE DIMENSION AT LEAST THREE

The results of this section seem to have their own interest.

4.1. Notations and First Results

In the whole section, X is a real finite dimensional space, of dimension /,
in which B and S are the unit ball and the unit sphere. In the dual space
X*, B* and S* are the unit bail and the unit sphere. The pairing between
X and X* is denoted by (-, -). Let J denote the duality mapping for X:

Jx)={peX* <{p,x>=lpl x|  and |pl=Ix|}

For x e S, J(x) is nothing else than the subdifferential of the norm || || at x.

If H is a hyperplane of X, then H* denotes any one of the two open
halfspaces defined by H. If D is a convex subset of X, then ri(D) denotes
the relative interior of D, i.e., the interior of D in aff(D).

Let C be a bounded closed convex subset of X and suppose x & C. Then
x is called an extreme point of C if x=(1—t)y+1z with O<t<1,yeC
and z e C, entails y =z. The point x is called an exposed point of C if there
is pe E* such that {p, x> > {p,y> whenever x#y and ye C. The linear
functional p is said to expose x in C. The normal cone to C at x, N¥(x),
is defined by

Ni(x)={peX*VyeC, (p,x—y)<0}.

If x belongs to the boundary of C, then N¥(x) generates a vector space
of dimension at least 1. If this dimension is /, then x called a vertex of C.
We denote the set of extreme points of C by ext(C), the set of exposed
points of C by exp(C), and the set of vertices of C by ver(C). We obviously
have ver(C) < exp(C) < ext(C).

Remark 3. If x is an exposed point of B and if pe S* belongs to
ri(N%(x)), then the cone N(p)={yeX;{p,y>=]|yl} is reduced to the
halfline with origin at O and passing through x.

4.2. Theorem

The following theorem gives a characterization of inner product spaces
with finite dimension at least three, depending on some property of the
exposed points of the unit ball.

THEOREM 3. Let X be as in Section 4.1. with 123. The following are
equivalent:

(i) X is an inner product space, i.e., its norm is deduced from an inner
product on X,
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(i1) for every hyperplane H and for every finite subset A included in
H™* nexp(B), we have

0¢ conv < U ri(J(a)));

acA

(iii) for every hyperplane H and for every finite subset A included in
H* nexp(B), we have

Oqéconv( U J(a)\{O}).

acA

Remark 4. For ae S, N} (a) is the cone generated by the subset J(a).
Thus condition in (ii) (resp. in (iii)) can be equivalently written
0¢conv(U,. ,ri N3(a)) (resp. 0¢ conv(U,. , N3 (a)\{0}).

Remark 5. Such a characterization of inner product spaces is not valid
in an infinite dimensional space. Indeed, in ¢y(N), exp(B) is empty and
therefore statements (ii) and (iii) of Theorem 3 are true. If X is two-dimen-
sional, then statements (ii) and (iii) of Theorem 3 are always true.

In Theorem 3, the implications (i) = (ii) = (iii) and (iii) = (ii} are
obvious. In order to prove the implications (ii) = (i), we need some
preliminary results. We give now a Geometrical Lemma and a Corollary,
and we will continue the proof of Theorem 3 in Section 4.4.

4.3. A Geometrical Lemma

It is well known that the set exp(C) is dense in ext(C) (see [13, Thm.
11.6]). A stronger approximation result can be obtained with exp(C) in
ext(C)\ver(C), which concerns also the normal cones at these points. After
submitting this paper, I learned that a result of the same nature had been
obtained independently by Klee [10].

GEOMETRICAL LEMMA. Let X be finite-dimensional. Let C be a bounded
closed convex subset of X with a nonempty interior. Let x4 € ext(C)\ver(C),
Poe NE(x)NS*, and £¢>0. Then there exist yeexp(C), y#x, and
qe N (y)n S* such that

Ixo—yll<e  and  |po—q| <e

Obviously the above property is not satisfied if x, is a vertex of C.

Proof. We suppose that X is identified with R/, endowed with its
canonical scalar product. The words “projection” and “orthogonal” must
be understood in reference to this scalar product.
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We assume x, =0 and we denote by k the dimension of the vector space
generated by N%(0). Since 0eext(C)\vert(C), we have 1 <k<</—1. It is
sufficient to consider p,eri(NE(0)) n S*.

Let G be the hyperplane {py,z)> =0 and let L be the projection of
NE&(0) on G. Since p is in ri(N%(0)), L is a subspace of G of dimension
k—1.

The point 0 is an extreme point of the convex set G n C. Note that if 0
is an exposed point of GNC, then GnC={0}. In any case we have
{g, x> <0 for each xe G C and each ge L. Let g,€ G n S*, orthogonal
to L and belonging to N¥ . -(0). For >0, let G, be the hyperplane in X
orthogonal to the vector p,+ Ag,. Then the closed halfspace G; with
boundary G, which contains p,, meets C along a convex set D, (a slice of
C). The set D, has a nonempty interior, otherwise the cone N¥(0) is of
dimension k + 1. According to [2], the set of p which expose a point of D,
is dense in X*. Thus for ¢ >0 there are ye D, n G, and g, which exposes
yin D, such that ||g — po — Agoll < &/2. Clearly g exposes y in C. The family
(D,);»0 is a nonincreasing family of compact sets such that ), ,D,=
{0}. Hence the diameter of D, tends to 0 as A tends to 0. It is possible to
choose A <¢/2 such that the diameter of D, is less than ¢ Then we have

y#0,  yl<e  llg—pol <é
and ¢ exposes y in C. ||

COROLLARY. Let X be finite-dimensional. Let C be a bounded closed
convex subset of X with a nonempty interior. Then there is a countable subset
4 of ext(C) such that, for each x e ext(C), each pe N¥(x) S*, and each ¢,
there exist ye 4 and ge NE(y) N S* such that

lx—yl<e  and lp—ql <e.

Proof. We note first that ver(C) is countable [13, Thm. 11.2]. Then we
let

R, ={(x, p)e Cx 5% xeext(C)\ver(C), pe N(x)}
and
Ry={(x,p)eCxS*;xeexp(C), pe NE(x)}.

From the geometric lemma we deduce that, in vicinity of each point of
R,, there is a point of R,. Since C and S* are metric compact, for each n
we can cover R; with a finite numbers of subsets

{(x p)eCxS* llx—x, [l <7 ,HP pall < ,(xz,Pz)ERz}
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Let Z, be the finite set of points (x,, p,) € R, obtained in this manner.
The set

A=ver(C)u ((nj E,,)

has the desired property. |

4.4. Proof of Theorem 3

We prove the implication (ii) — (i) in three steps. We use, at the end,
a characterization of inner product spaces due to James [8] (see
[1,(12.9)]), which is as follows. If, in real normed space X of dimension
at least three, for every hyperplane H, there exists w0 such that
llx + tu)i = x|} for each xe H and 1€ R, then X is an inner product space.

Let H be a hyperplane in X. Suppose statement (ii) of Theorem 3 holds
true.

First Step. For a start we establish the following result. If (4,) is an
increasing sequence of finite subsets of exp(B) n H*, then there exists ue S
such that, for each ae ), 4, and each peJ(a), {p,u) =0.

Indeed, from (ii), we deduce, by using a separation theorem, that, for
each #n there exists u, e S such that {p, u,> >0 for each ae 4, and each
p e J(a). By compactness of S, there is a subsequence of u, which converges
to ue S. We consider now the subsets (4,) and the vectors (u,) associated
to this subsequence. Let ae ], 4,; then, for n great enough, a belongs to
A, and, for pe J(a), {p,u,> =0, hence {p,u>=0.

Second step. We can apply the result of the first step to the countable
set introduced in the preceding Corollary. Let us say that a € S satisfies the
property Il(u) if, for each pe J(a), we have {p, u) =0. The first step gives
a vector u € S such that every member of 4 ~ H™* satisfies TT(u).

First every member of ext(B)~ H* satisfies /I(u). This is a consequence
of the property of 4 given in the Corollary.

Then every member of S~ H™* satisfies I7(u). Indeed, let ac SN H™.
According to the Krein-Milman theorem, there exist a finite subset
{ay, ..., a,} of ext(B) and positive numbers &, ..., &, (_, ;= 1) such that
a=Y"%_,o,a, There is at least one j(1<j<h) with aq;e H*, otherwise
a¢H*. Let peJ(a). Then 1=<{p,a)=3"_,a,;{p,a;). This entails
{(p,a;>=1 for each i, ie, peJ(a;). Particularly, peJ(a;) where
a,eext(B)n H*. Hence, we have {p, u)>0. This means that a satisfies
(u).

Third Step. We know that each member of S~ H* satisfies I7(u). Let
aeSnH* and peJ(a). For >0, we have

la+Aul| = (p,a+duy=<p,ad+A{p,uy=1+A{p,ud.
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Thus we have, for ae SN H* and 120, |la+ Au|| = 1. The same is true
if a belongs to SNH. Let —beS~H™*. Then we have, for i=0,
—b+ Au|l = 1. Hence ||b— Au| =1 and the same is true if b belongs to
S~ H. Then we have ||x + tu| = 1, for each xe S~ H and tre R

This is James’ condition, which entails that X is an inner product space.

S. THE MAIN RESULTS
In the whole section X is assumed to be of dimension at least three.

THEOREM 4. If, for every subset 4 with three or four elements and every
Jamily w= (w,),. 4 of positive weights, we have M, (A) naff(A)# &, then X
is an inner product space.

Proof. Suppose X is not an inner product space. Then X has a three-
dimensional subspace Y which is not an inner product space.

First Step. 1In this first step everything will take place in Y. Let B(Y)
be the unit ball of Y. According to Theorem 3 and Remark 4, there exist
a hyperplane H in Y and a finite subset 4, in exp(B(Y))n H™* such that
Oeconv (U, 4 T Ny, (a)). Due to the Caratheodory Theorem, there are
a subset 4 of A, with four or fewer points, positive weights w,, and vectors
P.€Ti(N%y, (a)), (ae 4) such that 0=3% _, w,p,. From Remark 3 we
deduce that N,_, (a—N(p,))= {0}. It follows from Theorem 2 that the
problem min 3 _, w,lly —al has a unique solution: {0}. Choose then
p.>0 such that all points d=p,a are in the same affine hyperplane
parallel to H and let 4 be the set for which points are the & Due to
Remark 2, the problem min 3 ;. 7 w,||y —dl| has the unique solution:
{0}. Note finally that 4 cannot be reduced to a singleton or to a pair of
points.

Second Step. We are now in the whole space X. Then, for the subset
A and the associated weights exhibited in the first step, M, (A) is either
empty or does not meet the subspace Y or meets ¥ along the singleton {0}.
Hence M, (A)naff(A)=g. |

Remark 6. It would be sufficient in Theorem 4 to assume that the
hypothesis M (A)naff(4)+ & works only for subsets 4 with three or
four elements and families (w,) such that M, (4) is reduced to a singleton.

As an immediate consequence of Theorem 1 and Theorem 4, we obtain

COROLLARY 1. If one of the hull properties (ie., the equivalent
statements of Theorem 1) holds true, then X is an inner product space.
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We consider finally a condition which look like a characterization of
inner product spaces related to the Chebyshev radius [6, 9]. Let us intro-
duce a notation. If 4 is a finite set in X and Z a subspace of X, we let

my(4)=inf ¥ x—a

X€ ac A

and

my(4)=inf T [x—al.

ac A

The following result may be compared with (15.1) in [1].

COROLLARY 2. If, for every two-dimensional subspace Z of X and for
every finite set A in Z, we have m,(AY=m;(A), then X is an inner product
space.

Proof. We suppose that X has a three-dimensional subspace Y which
is not an inner product space. Because of Corollary 1 there exists a
finite subset A in Y such that M7(A), the set of solutions to
min,_, 3, 7 |y —al, does not meet aff(A). Therefore aff(A) is an affine
subspace of dimension at most two. We may assume, modulo a translation,
that aff(4) is included in a two-dimensional linear subspace Z of X. Then
my(A) <my(A). Since my(A)<m,(A), we get my(A)<m(A). |

It would be worthwhile to develop the comparison between properties of
the Chebyshev radius and Chebyshev centers and properties related to the
Fermat problem.
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